I. INTRODUCTION
When a structural component vibrates in a viscous fluid, the presence of the fluid gives rise to a fluid reaction force which can be interpreted as an added mass and a damping contribution to the dynamic response of the component. Added mass and damping are known to be dependent on fluid properties (in particular, fluid density and viscosity) as well as to be functions of component geometry and adjacent boundaries, whether rigid or elastic. Nuclear reactor components are typically immersed in a liquid coolant environment and, also, are often closely spaced. Many reactor internal components (fuel pins, instrument lines, measurement probes) and plant components (heat exchanger tubes) are long, slender, beam-like components which are susceptible to excitation by the coolant flow; potential flow excitation mechanisms include: forceexcitation due to random pressure fluctuations, fluidelastic instabilities, and resonant vibration associated with a coincidence between component natural frequencies and vortex-shedding or other flow-related characteristic frequencies. In analyzing the vibration response to these excitations, added mass and damping are important considerations. In general, the added mass will decrease the component natural frequencies; it thus can have a significant effect on the response and the potential for large amplitude motion caused by a resonance or instability. While damping is generally not important for "off-resonance" excitation by harmonic driving forces, it is important in predicting component response to broad-band random excitation in which energy is contained over a wide frequency range and damping controls the response amplitude [I] 1 . Damping is also an important parameter in characterizing the onset of fluidelastic instability as determined by a critical flow velocity at which the energy extracted from the flow equals the energy dissipated by damping [2] .
i Studies of added mass can be traced back to Stokes [3] . A brief survey was presented by Muga and Wilson [4] . At present, the added mass of a structural component with a simple geometry immersed in an inviscid fluid can 1 Numbe'rs in brackets refer to similarly numbered references at end of report.
-2-be calculated rather easily or can be found in literature [5] . However, the added mass of a system consisting of several structural components in confined viscous fluids, in general, is not available. To the writers' knowledge, there have been only a few studies considering the effects of viscous fluid on vibrating structural components: Ackermann and Arbhabhirama [6] determined experimentally the added mass of a sphere oscillating in a fluid filling a fixed concentric spherical shell; Miller [7] presented an experimental study on the dependence of hydrodynamic mass on frequency and amplitude of oscillation for a body undergoing a driven oscillatory motion; Fritz and Kiss [8] and Fritz [9] presented a theoretical analysis and test results which describe the response of a rod surrounded by a fluid annulus; and Keane [10] , in an attempt to predict the dynamic response of a circular cantilever tube surrounded by a viscous fluid, provides a discussion of theoretical approaches to solving the Navier-Stokes equations for the two-dimensional incompressible fluid motion, as well as presents results from experiments involving cantilever tubes excited by harmonic driving forces.
In this report an appropriate form of the Navier-Stokes equation is solved to give the radial and tangential velocity components of the viscous flow in the fluid annulus formed by a vibrating rod and rigid containment shell. These velocity components are used to obtain representations for the fluid stresses which are, in turn, integrated over the circumference of the rod to determine the fluid reaction force. The resulting force consists of two parts: (1) a force in phase with the acceleration which acts as an added mass and (2) a drag force which acts to oppose cylinder motion and can be considered as a damping force. Coefficients of these forces are presented as functions of the containment-shell to rod radius ratio (D/d) and the dimensionless number (S = ud^/v) which may easily be recognized as the product of the Reynolds and Strouhal numbers. Results are reported of experiments in which cantilevered rods are oscillated in liquids confined by rigid boundaries consisting of 1) concentric, circular cylindrical shells of various diameters, and 2) hexagonal arrays of six similar rods. The experimentally-determined added mass and damping data are in good agreement with theoretical predictions for the case of fluid annul!. Results from the hexagonal array tests are correlated with the theoretical results by a correction factor which gives an effective radius ratio.
II. THEORY A. Formulation of the Governing Equations
Consider an infinitely long cylinder of radius d oscillating along a diameter in a viscous fluid annulus (Fig. 1) . The Navier-Stokes equations, governing the motion of the viscous fluid, can be expressed in a circular cylindrical coordinate (r,6,z) system. Let the velocity of the cylinder be Ue iwt along 8=0; the exterior wall at r = D is stationary. For small amplitudes the equations of state and motion can be linearized. Letting u and v denote the velocity components in the r and 9 directions, respectively, the equations of motion for the fluid are [11] Assuming an incompressible fluid, the continuity equation becomes
The velocity of the fluid at the cylinder surface must be in the direction of oscillation, so that the conditions to be satisfied by u and v on the cylinder are u = U cos 9 e , and ( 
Equations (1) to (5) are the complete mathematical statement of the problem.
B. Solution to the Equations
From equation (3) it is seen that a scalar function i/»(r,9,t) exists such that The general solution of IJJ iŝ
where \}>]_ and ^2 satisfy the following equations M is the mass of fluid per unit length displaced by the cylinder. From the first of equations (16), H may be simplified to obtain
The real part of equation (22) gives To evaluate the added mass and damping factor, we must compute the value of H. From equations (18) and (24), we may write
It is seen that H depends on a and 3 in a very complicated way. While in general, H must be computed from equation (26), simplified results can be obtained in special cases. 
This result is consistent with the classical result; the added mass of a cylinder vibrating in an infinite fluid is equal to the mass of the fluid displaced by the cylinder [5] .
3) General viscous case with large values of a and 3• For a and 3 very large, the results can be greatly simplified using the asymptotic formulae 
C. Added Mass and Damping Factors
The added mass correction factor CJJ is defined as a constant which multiplies the mass of displaced fluid to give the added mass. From equation (25), by definition,
Similarly, from equation (25), if MUuIm(H) is considered as the amplitude of a viscous damping force, by definition the damping coefficient can be written as
The equivalent viscous damping factor ? n is defined as the ratio of the viscous damping coefficient to the critical damping coefficient
where, C CR = 2(C^I + m)u n ; U) n is rod natural frequency. When oscillating at the rod natural frequency, u = w n and In Section II of the report, theoretical results are derived giving the added mass correction factor and equivalent viscous damping factor (equations (33) and (36), respectively) for a flexible rod vibrating in a fluid annulus. Situations which also occur involve the vibration of rods or tubes grouped in bundles, for example, reactor fuel pins or heat exchanger tubes. The question arises as to what effect the adjacent components have on added mass and damping. To evaluate the theoretical results derived in Section II, and to obtain insight into the effect of adjacent elements, a series of experiments with cantilevered rods as the vibrating elements was designed and performed.
A. Description of Experiment
The test element consists of a 0.5 inch (12.7mm) diameter aluminum rod fixed to a base plate to achieve cantilever end conditions. An annular region around the rod is formed by a 2.5 inch (63.5mm) i. d. circular cylindrical containment: shell mounted to the base plate, concentric with the rod. Two series of tests were performed. In the one series, the width of the annulus was varied by inserting machined brass liners into the containment shell; outer diameters of the annular gaps so obtained are as follows In the second series of tests the effect of "rigid" adjacent rods of the same diameter, mounted in a hexagonal pattern was investigated; the pitch-to-diameter ratios tested are as follows: 1.75, 1.50, 1.25, and 1.12. A complete set of tests was performed with a 28.1 inch (0.714mm) long test element; the rod was then cut to a 14 inch (0.356m) length and tests in water were performed to assess th. affect of frequency on added mass and damping.
A means to excite the rod is provided by an electromagnetic exciter assembly. This exciter assembly consists of 13 permanent magnets, 1/4 inch (6.35mm) in diameter by 3/8 inches (9.52mm) long, embedded in the aluminum rod approximately 2.7 inches (68.6mm) from the free end, and a pair of 350-turn coils of no. 26 wire attached to the outside of the containment shell, conforming to itt^ curvature. An alternating current applied to the coils from a signal generator induces an alternating magnetic field which, in turn, produces a force on the rod through the embedded magnets.
Response, in the form of rod displacement, is measured using an electro-optical displacement tracker mounted above the test assembly and adjusted to track a black/white interface painted on the end of the rod. RMS current to the coil which is proportional to input force, is measured on an ammeter. A servo system can be used to control either displacement output, or current input, as desired. The data is processed on a fast Fourier transform analyzer.
Tests were performed with four different fluids: air, water, mineral oil, and silicone oil. Fluid properties are listed in Table 1 . Oil viscosities were measured at room temperature using a capillary-type viscometer. 
B. Measurement Methods
The quantities of interest are the added mass correction factor and equivalent viscous damping factor associated with that portion of the fluid reaction force which acts to oppose velocity of the rod.
1) Added Mass Correction Factor
The natural frequency of a cantilever rod vibrating in a fluid can be written in the form Tables 1 and 2 respectively.
2) Equivalent Viscous Damping Factor
Energy loss mechanisms for a rod vibrating in a fluid include material damping, associated with internal friction in the solid material, fluid drag forces due to the viscosity of the fluid, and losses at the support location. In general, for the test element under consideration, material damping and damping assoicated with losses at the support are small compared with fluid viscosity effects in liquids. Damping can be measured and calculated by several different methods including log decrement from autocorrelation of response to white noise input or from a "pluck" test, magnification factor (Q) at resonance, bandwidth of frequency response function, and measurement of input power at resonance. The bandwidth method was the primary method used in these experiments. The advantages of the bandwidth method over the log decrement method and pluck test is that higher modes are not involved and response levels can be readily controlled, if amplitude dependency is suspected. The advantage over the magnification factor method is that only the shape of the curve is involved, calibration factors and the fact that energy may go into different modes is not of concern. Damping is readily obtained from the transfer function, or frequency response curve, as 
C. Test Procedures and Results
Virtual mass is computed from measured values of resonant frequencies. Damping factor is computed from the frequency response function of the rod. For each of the two test element lengths, rod natural frequency and damping in air is measured. In-air results are given in Table 2 For a given annular gap and fluid, resonant frequency is determined by applying a sinusoidal current to the coils, slowly sweeping through the frequency range centered about the fundamental frequency of the rod, selecting the peak response, recording the period associated with the peak oscillation as read from a frequency meter, and taking the reciprocal of the period to obtain resonant frequency. Four independent measurements are obtained by traversing two cycles of increasing and decreasing annular gaps and at each gap approaching resonant frequency by sweeping both up and down in frequency. The four measurements are compared to assess repeatability and, if repeatability is shown, are then averaged. The averaged experimentally-determined resonant frequencies are summarized in Table 2 . Added mass correction factor is computed from equation (41) using the results given in Table 2 , and is also tabulated in Table 2 along with Stokes number (S) based on the resonant frequency of the rod and rod radius.
Damping factor is obtained by applying random excitation to the rod, computing the transfer function, and calculating damping factor from the transfer function by both the bandwidth and magnification factor methods. The transfer function is computed from the cross-spectral density function and its validity is checked by computing the coherence function; both computations are performed on a digital fast Fourier transform analyzer. At each test condition, damping factor is computed from the bandwidth method at two different response levels corresponding to N equal to /2" and 2 in equation (42). Damping factor is also computed from the magnification factor at resonance (Q), corrected to account for calibration uncertainties and energy which goes into sustaining vibration in the plane normal to the plane of excitation. The three values of damping factor are then compared to assess reliability of the measurements and, if agreement is good, they are averaged. It is assumed that the in-air measurements of damping account primarily for material and joint damping. Consequently, to obtain a more accurate measure of the viscous damping, the measured value of in-air damping is subtracted from the experimentally determined values accounting for the differences in critical damping coefficient. Results are summarized in Table 2 . Table 2 Table 1 Results from the 7-rod hexagonal array tests are also summarized in Table 2 for the four different pitch-to-diameter ratios tested. Tests were performed with the center rod excited in-line with adjacent rods and also (2) In the analysis, the fluid field is considered to be two dimensional; that is, the axial motion of the fluid is neglected. This is Justified for a large value of Jt/d as in the case of inviscid fluid [12] . When i and d are of the same order of magnitude, the three dimensional effect of the flow should be considered.
(3) The linear theory presented in this report is based on the assumption that the vibration amplitude is small. As the rod displacement becomes large, the nonlinear effects of the fluid field will be important. In fact, it was shown by Miller [7] that C, is a function of the vibration amplitude. However, for small vibration, as in the cases of many reactor components, the linear theory is applicable, and C^ and C are independent of the amplitude of oscillation. 
With the center of the magnet assembly located 2.7 inch (68.6mm) from the free end of both the 28.1 inch (0.714m) and 14 inch (0.356m) long test elements, the corresponding values of k, assuming the mode shape to be that of a uniform cantilever beam, are 2.96 and 2.19 respectively. Evaluating the effective mass by using the appropriate k values, and substituting equations (50) and (51) 
